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We study a holomorphic representation for spinfoams. The representation is obtained via the
Ashtekar-Lewandowski-Marolf-Moura˜o-Thiemann coherent state transform. We derive the expres-
sion of the 4d spinfoam vertex for Euclidean and for Lorentzian gravity in the holomorphic rep-
resentation. The advantage of this representation rests on the fact that the variables used have a
clear interpretation in terms of a classical intrinsic and extrinsic geometry of space. We show how
the peakedness on the extrinsic geometry selects a single exponential of the Regge action in the
semiclassical large-scale asymptotics of the spinfoam vertex.
INTRODUCTION
Spinfoams [1, 2] provide a covariant formulation of the
dynamics of Loop Quantum Gravity (LQG) [3–5] (see [6]
for an up-to-date status report). The dynamics is de-
scribed in terms of transition amplitudes between states
belonging to the kinematical Hilbert space of LQG. In
particular, when the spin-network basis is used, the tran-
sition amplitude is a function of spins and intertwiners
associated to the links and the nodes of the spin-network
graph. In the recent literature [7–10], spinfoams are gen-
erally defined in terms of these variables: a space-time
configuration in the spinfoam sum is understood as a
2-complex with faces labeled by SU(2)-spins and edges
labeled by SU(2)-intertwiners.
Different representations of the Hilbert space of LQG
can be lifted to the covariant level in spinfoams. In this
paper we consider two representations for spinfoams. The
first is a holonomy representation. This representation
allows to write spinfoams into a form closer to a Feyn-
man path-integral: as an integral over the Ashtekar con-
nection smeared along links that slice faces of the spin-
foam 2-complex. The second is the holomorphic rep-
resentation: it is based on the Segal-Bargmann trans-
form for theories of connections introduced by Ashtekar,
Lewandowski, Marolf, Moura˜o and Thiemann [11].
Clearly, spinfoams in different representations have the
same physical content. What the new representations
provide is new insights and new calculational tools. In
particular, the holomorphic representation offers a new
way of understanding the semiclassical behavior of spin-
foams. The holomorphic representation is associated to
coherent spin-network states [12–15],[16]. These states
are peaked on a classical intrinsic and extrinsic discrete
geometry of space. This fact has a remarkable conse-
quence that we discuss below.
Recently, the large scale asymptotics of the 4d spin-
foam vertex has been derived [17, 18]. The analysis has
been done using the representation in terms of spins and
normals introduced by Livine and Speziale [7]. For a
geometric set of boundary data, the asymptotics of the
Lorentzian vertex features a sum over two classical solu-
tions. This leads to a cosine of Regge action, similarly to
what happens in 3d for the Ponzano-Regge model. We
argue that the presence of the second undesired classical
solution in the semiclassical expansion is an artifact of the
representation used: the representation in terms of spins
and normals diagonalizes the area operator; as a result,
it has a maximal spread on its conjugate momentum and
cannot completely identify a point in phase space. On
the other hand, the holomorphic representation discussed
in this paper is based on coherent spin-networks. These
states are peaked both on the area and on its conjugate
variable, an extrinsic angle. This is enough to select one
of the two classical solutions in the semiclassical expan-
sion.
The paper is organized as follows. In section I we dis-
cuss the holonomy representation of spinfoams and its
relation with the two representations mostly used in the
literature: the ‘spin and intertwiner’ representation and
the ‘spin and normals’ representation. Then, in section
II, we introduce the holomorphic representation as the
Segal-Bargmann transform of the holonomy representa-
tion. Moreover we discuss the interpretation of the com-
plex variables used in terms of discrete classical geome-
tries. In sections III and IV, we derive the expression of
the Euclidean and the Lorentzian spinfoam vertex both
in the holonomy and in the holomorphic representation.
In section V, we discuss an application of the derived
formulae: we show how the peakedness on the extrinsic
geometry allows to select a single classical solution in the
analysis of the large scale asymptotics of the Lorentzian
spinfoam vertex.
I. SPIN FOAMS IN VARIOUS
REPRESENTATIONS
In LQG, the Hilbert space associated to a graph Γ
embedded in a 3-dimensional hypersurface Σ is HΓ =
L2(SU(2)L/SU(2)N) where L is the number of links of
the graph and N the number of nodes. In the ‘holonomy
representation’, a state is a gauge invariant function of
SU(2) group elements hl (l = 1, . . , L) that is invariant
under SU(2) gauge transformations at nodes,
Ψ(hl) = Ψ(gnl hl g
−1
n′
l
). (1)
2Here nl and n
′
l are respectively the node that is
source/target of the link l. The configuration variables
hl are interpreted as holonomies of the Ashtekar-Barbero
connection
Aia = Γ
i
a + γK
i
a (2)
along the link l of the graph (Γia is the spin-connection,
Kia the extrinsic curvature of the hypersurface Σ, and the
real number γ 6= 0 is the Barbero-Immirzi parameter).
Spinfoams provide the transition amplitude from an
‘in’ state to an ‘out’ state: they are maps that correspond
to the formal expression
W [g(3)in , g
(3)
out] =
∫ g(3)out
g
(3)
in
Dg(4) exp iS[g(4)]. (3)
for the transition amplitude of 3-geometries in terms of a
sum over 4-geometries [19, 20]. The formalism admits a
generalization to ‘boundary amplitudes’ [3, 21]. Let HΓ
be the Hilbert space associated to a graph on the bound-
ary of a 4-dimensional ball. The boundary amplitude of
a state Ψ ∈ HΓ is given by
〈W |Ψ〉 =
∫ ∏
l
dhl W (hl) Ψ(hl), (4)
where W (hl) is the spinfoam model in the holonomy
representation. The quantity W (hl) is local in space-
time, i.e. it is given by a product of elementary vertex-
amplitudes Wv(hvl) integrated over bulk variables hvl:
W (hl) =
∑
σ
∫
dhbulkvl
∏
v⊂σ
Wv(hvl)
∏
f⊂σ
δ(
∏
v∈∂f
hvl). (5)
Here, the sum is over 2-complexes σ with boundary given
by the graph Γ1. A “face amplitude” is present: it is
given by a delta function of a product of the holonomies
hvl bounding a face f of the 2-complex. It is needed
in order to guarantee the composition law of the spin-
foam amplitude [22, 23]. Notice that we are associating
a boundary graph to each vertex of the 2-complex, there-
fore the holonomies hvl have a vertex label v and a link
label l. The association of variables is depicted in Fig.1.
deThe construction is the following: we consider a 4-
ball that contains a single vertex of the 2-complex σ; the
boundary graph associated to the vertex is defined as the
1 The sum over 2-complexes can be generated by an auxiliary
Group Field Theory [24]. It is usually not well-defined (diver-
gent), and requires suitable gauge-fixing or regularization. For
a fixed 2-complex, divergencies are associated to “bubbles”. In
topological (i.e. unphysical) theories, topological invariance im-
plies that those “bubbles” can be removed up to a divergent
overall factor that depends only on the cutoff. In quantum gen-
eral relativity the situation is different: “bubble” divergencies
are true radiative corrections which carry information about the
infrared behavior of the theory [25–32].
intersection of the portion of the 2-complex contained in
the 4-ball and the boundary of the 4-ball (a 3-sphere).
In particular, the boundary graph has as many links as
faces of the 2-complex intersecting at the vertex. The
bulk variables hbulkvl are SU(2) holonomies associated to
these links. As an example, the vertex amplitude of the
FIG. 1. The bulk holonomies hvl are associated to the inter-
nal face f as well as to the external face f˜ . The notation is the
following: v are spinfoam vertices and l are links intersection
of the faces with a small 3-sphere centered on the correspond-
ing vertex. The boundary holonomy hl˜ is associated to the
external side (dashed line) of the boundary face f˜ .
Ponzano-Regge model for 3d gravity is given by
WPRv (hl) =
∫ 4∏
n=1
dgn
6∏
l=1
δ(gnl hl g
−1
n′
l
). (6)
In the case of the Ponzano-Regge model, the bound-
ary graph is a complete graph with four (3-valent)
nodes. Similarly, the vertex proposed by Engle-Pereira-
Rovelli-Livine and Freidel-Krasnov (EPRL-FK) [8, 9]
was originally defined on a complete graph with 5 (4-
valent) nodes. More recently, Kaminski-Kisielowski-
Lewandowski have proposed a version of the EPRL-FK
vertex that provides a generalization to arbitrary bound-
ary graphs [10].
Above we have defined spinfoams directly in the holon-
omy representation. In the literature, spinfoam vertices
are generally presented using a different representation:
the ‘spin and intertwiner’ representation, Wv(jl, in).
This representation is related to the holonomy represen-
tation by the Peter-Weyl transform (see table I). This
is the representation associated to an orthonormal basis
of the boundary Hilbert space HΓ. Let Ψjl,in(hl) be a
spin-network state,
Ψjl,in(hl) =
(⊗
n
in
)
·
(⊗
l
D(jl)(hl)
)
. (7)
Here D(j) are SU(2) representation matrices and in in-
tertwining tensors. The spinfoam vertex in the ‘spin and
intertwiner’ representation is given by the amplitude of
an element of the spin-network basis
Wv(jl, in) = 〈Wv|Ψjl,in〉. (8)
For instance, in this representation, the Ponzano-Regge
vertex is simply given by a Racah 6j-symbol [33],
WPRv (jl) =
1√∏
l(2jl+1)
{6j}. (9)
3In the definition and in the analysis of the asymptotics
of the new spinfoam vertices, a third representation has
turned out to be useful [17, 18, 34–36]. It is a repre-
sentation in terms of a spin and two unit-normals per
link of the graph. This representation is associated to
spin-networks with nodes labeled by Livine-Speziale co-
herent intertwiners [7, 38]. A coherent intertwiner in
Inv(⊗Ee=1H(je)) is labeled by E unit-vectors ~ne satisfy-
ing the closure condition
∑
e je~ne = 0. They are defined
in terms of Bloch SU(2)-coherent states2 |je, ~ne〉 and are
given by the following formula
Φ(~ne) =
∫
SU(2)
dg
E⊗
e=1
D(je)(g)|je, ~ne〉. (10)
A spin-network state with coherent intertwiners at nodes
is given by
Ψjl,~nl,~n′l(hl) =
(⊗
n
Φn(~nl)
)
·
(⊗
l
D(jl)(hl)
)
. (11)
These states form an overcomplete basis of the Hilbert
space HΓ with the measure on normals derived in [38].
A spinfoam vertex can be written in the ‘spin and nor-
mals’ representation,
Wv(jl, ~nl, ~n
′
l) = 〈Wv|Ψjl,~nl,~n′l〉. (12)
The reason why this representation is so useful in the
semiclassical analysis of the vertex is that the normals
~n are classical variables, as opposed to the intertwiners
in (8) that are quantum numbers. This is in fact the
original motivation of [7] for introducing coherent inter-
twiners. On the other hand, the spins jl are still quantum
numbers3. In the following we introduce a new represen-
tation where the classical counterparts of the spins and
of their conjugate momenta appear.
II. THE HOLOMORPHIC REPRESENTATION
In this section we introduce a new representation
of spinfoams, a representation based on coherent spin-
networks [16],[12–15]. Coherent spin-network states pro-
vide an overcomplete basis of the boundary Hilbert space
2 Let R~n be the matrix that rotates the vector ~e3 = (0, 0, 1) into
the unit-vector ~n, leaving the vector ~e3 × ~n invariant; we call
h~n the associated SU(2) element, h~n = D
(1/2)(R~n). A Bloch
coherent state in direction ~n is obtained rotating the maximum-
eigenvalue eigenstate of the spin in the direction ~e3 to the direc-
tion ~n, i.e. |j, ~n〉 = D(j)(h~n)|j,+j〉. These are the states used
in the description of the magnetic moment of a nucleus in an
external magnetic field [37].
3 Quantum numbers refer generally to discrete eigenvalues of ob-
servables, as in the case of geometric operators (length, area and
volume operator) in Loop Quantum Gravity.
W (hl)
PW

SB
// W (Hl)

W (jl, in)
LS
// W (jl, ~nl, ~n
′
l)
TABLE I. The various representations of spinfoams are re-
lated by transforms as shown in the diagram. The Peter-Weyl
transform (PW) sends the holonomy representation W (hl) in
the ‘spin and intertwiner’ representation W (jl, in). The ‘spin
and normals’ representation W (jl, ~nl, ~n
′
l) is obtained from the
‘spin and intertwiner’ representation via the Livine-Speziale
transform (LS). The topic of this paper is the holomorphic
representation W (Hl). It is obtained from the holonomy rep-
resentation via the Segal-Bargmann transform (SB). The ex-
pression for the 4d vertex amplitudes in the holomorphic rep-
resentation is eq. (30) for the Euclidean case, and eq. (43)
for the Lorentzian case. In the semiclassical analysis of spin-
foams, there is an interesting interplay of the holomorphic
and the ‘spin and normals’ representations. This is discussed
in section V.
HΓ. They are labeled by an element Hl of SL(2,C) per
link of the graph and are defined by
ΨHl(hl) =
∫ ∏
n
dgn
∏
l
Ktl(gnl hl g
−1
n′
l
H−1l ). (13)
Here, tl are positive real numbers and Kt is the analytic
continuation to SL(2,C) of the heat-kernel on SU(2),
Kt(h) =
∑
j
(2j + 1)e−j(j+1)
t
2 TrD(j)(h). (14)
As shown in [11], coherent spin-networks provide a Segal-
Bargmann transform for Loop Quantum Gravity. Given
a state Ψf (hl), its scalar product with a coherent spin-
network ΨHl(hl) defines a function Φf (Hl) that is holo-
morphic in Hl,
Φf (Hl) = 〈Ψf |ΨHl〉 =
∫ ∏
l
dhl Ψf (hl) ΨHl(hl), (15)
and belongs to the Hilbert space
HL2(SL(2,C)L, dνt(H)L) (16)
of holomorphic functions normalizable with respect to
a measure dνt(H)
L (see [11] and the appendix of [16]
for details4). This result is based on the seminal work
of Hall [39]. Moreover the SL(2,C) labels Hl pro-
vide a parametrization of the phase space of the the-
ory as captured by a graph. The peakedness properties
4 We have dνt(H) = Ω2t(H)dH, where dH is the Haar measure on
SL(2,C), and Ωt(H) is just the heat-kernel on SL(2,C)/SU(2),
regarded as a SU(2)-invariant function on SL(2,C).
4of these states and their geometrical interpretation in
terms of classical holonomies and fluxes is well-studied
within Loop Quantum Gravity [12–15]. However their
use in spinfoams has remained largely unexplored until
recently [16]. In the following we show how coherent spin-
networks and the associated holomorphic representation
can be fruitfully used in the spinfoam setting.
A spinfoam vertex can be expressed in the holomorphic
representation using formula (4),
Wv(Hl) = 〈Wv|ΨHl〉. (17)
As an example, the Ponzano-Regge vertex amplitude (6)
in the holomorphic representation is given by the follow-
ing formula:
WPRv (Hl) =
∫ ∏
n
dgn
∏
l
Ktl( (gnl Hl g
−1
n′
l
)−1). (18)
The advantage of using the holomorphic representation
is that the SL(2,C) labels admit a clear interpretation
in terms of classical discrete geometries. Here we dis-
cuss two equivalent descriptions of the discrete geometry
associated to the SL(2,C) variables: the first (a) is the
one proper of canonical LQG and is due to Sahlmann-
Thiemann-Winkler [12–14], the second (b) is the one
mostly used in the covariant spinfoam setting, it is in
terms of Freidel-Speziale variables for twisted geometries
[40] and has been introduced by the authors in [16].
(a) Let Σ be the boundary 3-manifold and choose a
classical configuration of the Ashtekar connection A and
its conjugate momentum, the electric field E. Moreover,
let ∆Σ be a cellular decomposition of Σ and Γ a graph
dual to this decomposition. The flux of the electric field
through a face fl of ∆Σ determines a su(2) algebra ele-
ment El =
∫
fl
E. The holonomy of the connection along
a link l of the graph Γ determines a SU(2) group ele-
ment hl = P exp
∫
l
A. The set of couples (hl, El), one
per link of the graph, determines a point in a truncation
of the phase space of General Relativity as captured by
the graph Γ. The couple (hl, El) can be written as an
element of the complexification of SU(2) using the polar
decomposition5 of SL(2,C):
Hl = hl exp(i
El
8πG~γ
tl). (19)
This is the Cartan decomposition of a Lorentz transfor-
mation into an SU(2) rotation and a boost. Coherent
spin-networks with labels as in (19) are peaked on the
classical configuration (hl, El).
5 In formula (19), the factor t
8πG~γ
in front of El is required in
order to have the correct interpretation of the SL(2,C) variables
in terms of classical fluxes and holonomies, as a careful analysis
of the expectation values of geometric operators elucidate. On
the expecation values of elementary operators, see [16].
(b) Let ∆Σ be a cellular decomposition of the bound-
ary 3-manifold Σ (the cells of the decomposition can be
simplicial or even polyhedral). Equip separately each cell
with a Euclidean 3-geometry. As a result, the shape of
each cell is fixed and the area and the normals to its faces
can be computed. Now we consider two cells that share
a face, and require that the area of the face is the same
when seen from either of the two cells. Therefore, for
each face fl of ∆Σ, we have as variables its area Al and
two normals ~nl and ~n
′
l. In general the geometry these
data determine is twisted in the sense of [40]. A special
case is the one where shared faces have congruent shapes.
In this case, a continuous piecewise-flat geometry is ob-
tained. In the case of a simplicial decomposition, this is
a Regge geometry6 [46].
Besides areas and 3-normals, there is another quantity
of interest. Let us consider two cells sharing a face fl
and think them as embedded in 4-dimensional Minkowski
space. We callN Il andN
′
l
I
the 4-normals to the two cells.
Their scalar product determines an angle Θl with the
meaning of extrinsic curvature, coshΘl = −ηIJN Il N ′l J ,
where ηIJ is the Minkowski metric. We call ξl the ex-
trinsic angle times the Immirzi parameter7 γ,
ξl = γΘl. (20)
Summarizing, for each link of the graph Γ dual to ∆Σ,
we have the following set of variables:
- an area al =
Al
8πG~γ ,
- an extrinsic angle ξl,
- two unit-normals ~nl and ~n
′
l.
Out of these variables we can build a SL(2,C) element
Hl given by the following expression
Hl = h~nl e
−izl
σ3
2 h−1
−~n′
l
, (21)
where the complex number zl is given in terms of ξl and
al by
zl = ξl + ialtl, (22)
and h~n is the SU(2) element associated to a vector
~n as explained in the footnote2. The reason for this
parametrization is that coherent spin-networks (13) with
SL(2,C) labels specified as in (21), for large area al re-
duce to superpositions over spins of Livine-Speziale spin-
networks (11) [16]. Moreover, the superposition over
spins is a Gaussian centered in jl ≈ al times a phase
6 On the encoding of simplicial geometry in a lattice gauge the-
ory formulation of quantum gravity, see [41–43]. For a discus-
sion of the matching of lengths in LQG see sec.5 of [44]. For a
non-commutative flux representation of LQG and its simplicial
interpretation see [45].
7 The parameter ξ codes the rotation generated by the extrinsic
curvature term γKia of Ashtekar-Barbero connection.
5term exp(−iξljl). This is the superposition originally
proposed by Rovelli in the analysis of the graviton prop-
agator [47]. The interpretation of the SL(2,C) labels in
terms of twisted geometries will be important in section
V where we discuss the semiclassical behavior of spin-
foams.
The relation between the description in terms of fluxes
and holonomies (a) and the description in terms of areas,
angles and normals (b) can be easily derived. Writing
(21) as the polar decomposition
Hl =
(
h~nl e
−iγΘl
σ3
2 h−1
−~n′
l
)
exp
(
i
Al
8πG~γ
~n′l ·
i~σ
2
tl
)
(23)
we recognize the variables used in (19),
hl =P exp
∫
l
A = h~nl e
−iγΘl
σ3
2 h−1
−~n′
l
, (24)
El =
∫
fl
E = Al ~n
′
l ·
i~σ
2
. (25)
III. 4D EUCLIDEAN VERTEX AMPLITUDE IN
THE HOLOMORPHIC REPRESENTATION
The 4d spinfoam vertex amplitude [8, 9] is generally de-
fined in terms of its components on a spin-network basis.
In the Euclidean case, for Immirzi parameter 0 < γ < 1,
it is given by
Wv(jl, in) =
∑
i+n ,i
−
n
{15J}(j+l , i+n ; j−l , i−n )
∏
n
f in
i+n ,i
−
n
(26)
with j±l =
1±γ
2 jl, {15J} the 15j-symbol for SU(2) ×
SU(2) and the fusion coefficients f in
i+n ,i
−
n
defined in [8] (see
also [48]). This representation has been used in numerical
investigations [49]. Contracting it with the spin-network
basis (7) leads to a rather simple integral formula for the
vertex in the holonomy representation.
Let Y be a map from the representation H(j) of SU(2)
to the representation H(j
+,j−) of the Euclidean group
Spin(4) ≃ SU(2) × SU(2). The map Y is such that it
commutes with the diagonal action of SU(2) on SU(2)×
SU(2). In the canonical basis, the map Y is given by
Clebsh-Gordan coefficients
Y m
+,m−
m = 〈j+,m+; j−,m−|j,m〉. (27)
Notice that j++j− = j, therefore the map Y corresponds
to a projection to the highest weight representation in the
tensor productH(j
+)⊗H(j−). Using this map, the vertex
amplitude in the holonomy representation can be written
as
Wv(hl) =
∫
Spin(4)5
∏
n
dGn
∏
l
P (hl, GnlG
−1
n′
l
). (28)
The integrals on Spin(4) impose the Euclidean invariance
of the vertex, and the integrand is given by a product of
‘face’ terms P given by the following distribution over
L2(SU(2))⊗ L2(Spin(4)) ≃ L2(SU(2)3):
P (h,G) =
∑
j
(2j + 1)Tr
(
D(j)(h) Y †D(j
+,j−)(G−1)Y
)
.
(29)
Expression (28) can be easily put in the holomorphic rep-
resentation using the Segal-Bargamann transform [11]:
W (Hl) =
∫
Spin(4)5
∏
n
dGn
∏
l
Ptl(Hl, GnlG
−1
n′
l
) (30)
where
Pt(H,G) =
∑
j
(2j + 1) e−j(j+1)
t
2 × (31)
× Tr
(
D(j)(H) Y †D(j
+,j−)(G−1)Y
)
.
Notice that the last expression can be seen as a distribu-
tion on HL2(SL(2,C))⊗ L2(Spin(4)).
IV. 4D LORENTZIAN VERTEX AMPLITUDE IN
THE HOLOMORPHIC REPRESENTATION
In this section we discuss the definition of the 4d
Lorentzian vertex [8, 50] and derive its holonomy and
its holomorphic representation.
Let Ψ(hl) be a gauge invariant state on a graph bound-
ing the spinfoam vertex
Ψ(hl) =
∑
jl
Ψ(jl) · (⊗
l
D(jl)(hl)
)
. (32)
The 4d Lorentzian vertex amplitude for this state is ob-
tained in two steps:
(i) we map the SU(2)-boundary state Ψ(hl) into a
SL(2,C)-boundary state (f ◦Ψ)(Gl) using a (γ de-
pendent) map f defined below;
(ii) we impose Lorentz invariance at nodes.
This provides a compact definition of the vertex ampli-
tude as8
〈Wv|Ψ〉 =
∫
SL(2,C)N
∏
n
dGn fΨ(GnlG
−1
n′
l
). (33)
The EPRL-FK vertex corresponds to a specific choice of
f defined as follows. Let us consider the principal series
of unitary irreducible representations (ρ, n) of SL(2,C)
[52] with Casimir operators given by
C1 =
1
2
(n2 − ρ2 − 4), (34)
C2 = nρ. (35)
8 Notice that one of the integrals over SL(2,C) has to be gauge-
fixed in order to avoid having a divergent expression [51].
6They decompose into irreducible representations j of a
subgroup SU(2) as
H
(ρ,n)
SL(2,C) =
⊕
j≥ n2
H
(j)
SU(2). (36)
Consider the representation with labels ρ = 2γj,
n = 2j and let Y be the embedding of H
(j)
SU(2) into
the lowest weight representation of H
(γ2j,2j)
SL(2,C) . Calling
|(γ2j, 2j); j,m〉 its canonical basis, the map Y is given
by
Y =
+j∑
m=−j
|(γ2j, 2j); j,m〉〈j,m|. (37)
Now we define the map
f : L2(SU(2)L/SU(2)N)→ L2(SL(2,C)L) (38)
in terms of Y as follows. Given the state (32), we have
fΨ(Gl) =
∑
jl
Ψ(jl) · (⊗
l
Y †D(γ2jl,2jl)(Gl)Y
)
. (39)
The fact that fΨ is square-integrable follows easily from
the ortogonality of the Wigner matrices in the princi-
pal series (on the definition and finiteness properties of
SL(2,C) spin-networks, see [51, 53]). Using the defini-
tion (33),(39) of the Lorentzian vertex, it is easy to derive
its holonomy representation. Let Ψh′
l
(hl) be the SU(2)
gauge invariant delta function on the boundary graph
Ψh′
l
(hl) =
∫
SU(2)N
∏
n
dgn
∏
l
δ(gnl hlg
−1
n′
l
h′
−1
l ). (40)
Its vertex amplitude provides the holonomy representa-
tion of the Lorentzian vertex. It is given by the following
integral expression
Wv(hl) = 〈Wv|Ψhl〉 =
∫ ∏
n
dGn
∏
l
P (hl, GnlG
−1
n′
l
),
(41)
where the integral is over SL(2,C)N and the ‘face’ term
is
P (h,G) =
∑
j
(2j + 1)Tr
(
D(j)(h) Y †D(γ2j,2j)(G−1)Y
)
(42)
similarly to what happens in the Euclidean case. Its
Segal-Bargmann transform corresponds to the vertex am-
plitude of a coherent spin-network. It is given by
Wv(Hl) = 〈Wv|ΨHl〉 =
∫ ∏
n
dGn
∏
l
Ptl(Hl, GnlG
−1
n′
l
),
(43)
where the ‘face’ term now is
Pt(h,G) =
∑
j
(2j + 1)e−j(j+1)
t
2× (44)
× Tr
(
D(j)(H) Y †D(γ2j,2j)(G−1)Y
)
.
We report also the ‘spin and normals’ representation of
the Lorentzian vertex
Wv(jl, ~nl, ~n
′
l) ≡ 〈Wv|Ψjl,~nl,~n′l〉 = (45)
=
∫ ∏
n
dGn
∏
l
〈jl,−~nl|Y †D(γ2j,2j)(GnlG−1n′
l
)Y |jl, ~n′l〉.
This expression is the one used in the analysis of the
asymptotics of the vertex [18]. In next section we un-
cover an interesting interplay of the representations (43)
and (45) of the spinfoam vertex in the analysis of its
semiclassical behavior.
V. SEMICLASSICAL ANALYSIS: ROLE OF THE
EXTRINSIC CURVATURE IN THE LARGE SPIN
ASYMPTOTICS
The holomorphic representation is associated to a set
of states that have semiclassical properties. This fact
makes the holomorphic representation the appropriate
tool for studying the semiclassical behavior of spinfoams.
We illustrate this point using a simple quantum mechan-
ical system, and then discuss it in the case of the 4d
Lorentzian vertex amplitude.
Let us consider a particle on a line. The evolution
operator in the position representation is given by
W (x1, x2) = 〈x2|e− i~HT |x1〉 =
∫ x2
x1
D[x(t)] e
i
~
S[x(t)],
(46)
where H is the Hamiltonian operator for the particle, T
the evolution time, and S[x(t)] the classical action. In
the formal semiclassical limit ~→ 0, the path integral in
(46) is dominated by classical solutions x(k)(t) starting
at x1 and ending at x2. There can be more than a single
classical solution and the stationary phase approximation
of the path integral is given by a sum over all classical
contributions [54]
W (x1, x2)
~→0≈
∑
k
A(k)(x1, x2) e
i
~
S(k)(x1,x2). (47)
Here S(k)(x1, x2) = S[x(k)(t)] is the Hamilton function,
that is the action evaluated on one of the classical solu-
tions. A(k)(x1, x2) is a slowly varying function of x1 and
x2.
Notice that, if we expand the Hamilton function
around the points x1 = q1 and x2 = q2, the linear terms
in the expansion are proportional to the initial and fi-
nal momenta. In fact the derivatives of the Hamilton
function are
p(k)2 (x1, x2) =
∂
∂x2
S(k)(x1, x2), (48)
p(k)1 (x1, x2) = −
∂
∂x1
S(k)(x1, x2)
where p(k)1 (x1, x2) and p
(k)
2 (x1, x2) are the initial and final
momenta of the classical solution x(k)(t). This fact has
two important consequences:
7(i) Let us consider a Gaussian wave packet peaked at
the initial position q1 and initial momentum p1, and
study its evolution with the dynamics (46). In the
~→ 0 limit, only one of the terms in the sum over
classical solutions in (47) contributes to its evolu-
tion. Specifically, the term that contributes is the
exponential of the Hamilton function for the clas-
sical solution x(0)(t) that has q1, p1 as initial condi-
tions.
(ii) The transition amplitude to a Gaussian wave
packet that is peaked at a final position q2 and
final momentum p2 is suppressed unless these are
the final position and momentum of the classical
solution x(0)(t) that has q1, p1 as initial conditions.
These two facts make the holomorphic representation es-
pecially well-suited for the analysis of the semiclassical
behavior of the dynamics.
The holomorphic representation for a particle on a line
is associated with coherent states given by the analytic
continuation in x0 of the heat-kernel on a line
Kt(x, x0) =
1√
2πt
e−
(x−x0)
2
2t . (49)
When x0 is continued to the complex number z0 = q0 +
i
~
p0t, the state Kt(x, z) is peaked both on the position
q0 of the particle and on its momentum p0. In fact the
state has a phase term exp i
~
xp0 coding the peakedness
on the momentum,
Kt(x, z0) =
1√
2πt
e−
(x−q0)
2
2t e+
i
~
(x−q0)p0 e+
t
2~2
p20 . (50)
The holomorphic representation of the evolution operator
is
W (z1, z2) =
∫
dx1
∫
dx2Kt(x2, z2)W (x1, x2)Kt(x1, z1).
(51)
We call the couple (z1, z2) = (q1, p1; q2, p2) classical if
it corresponds to the boundary conditions of a classical
solution x(0)(t) of the dynamics. In the ~ → 0 limit,
the transition amplitude W (z1, z2) is maximized when
the couple (z1, z2) corresponds to a classical solution.
Otherwise, if (z1, z2) is not classical, a rapidly oscillat-
ing term exp i
~
(p(k) − p1)x1 appears in the integral (51)
with the effect that the transition amplitude W (z1, z2) is
suppressed.
To summarize: the feature of the holomorphic rep-
resentation is that at most one classical trajectory
contributes to the semiclassical expansion of the tran-
sition amplitude. A similar phenomenon happens in
spinfoams.
Let us consider the Lorentzian spinfoam vertex (43)
and focus on the case of a graph Γ dual to the boundary
of a 4-simplex as originally done in [8, 50]. The amplitude
Wv(Hl) depends on ten elements of SL(2,C), one per
link of the graph. We can parametrize them in terms
of twisted geometries using the variables (al, ξl, ~nl, ~n
′
l),
as explained in section II. The semiclassical limit ~ → 0
corresponds to the large area asymptotics, al ≫ 1. In
the following, we discuss the large area asymptotics of
Wv(Hl).
Notice that the large al asymptotics of D
(j)(eal
σ3
2 ) is
proportional to the projector to the highest magnetic
number |j,+j〉〈j,+j|. As shown in [16], a consequence of
this fact is that the large area asymptotics of Hl in the
definition of coherent spin-networks reproduces a Gaus-
sian with a phase on spins, times Bloch coherent states:
e−jl(jl+1)
t
2D(jl)(Hl)
al≫1≈ exp(−iξljl)× (52)
× exp (− (jl − al)2 t
2
+ a2l
t
2
) |jl, ~nl〉〈jl,−~n′l|.
When gauge invariance at nodes is imposed, Bloch co-
herent states intertwine and reproduce Livine-Speziale
states. As a result, the large area asymptotics of the spin-
foam vertex in the holomorphic representation is given by
the vertex in the ‘spin and normals’ representation (45),
summed over spins with a Gaussian weight times a phase
in spins:
W (Hl)
al≫1≈
∑
jl
W (jl, ~nl, ~n
′
l) exp(−i
∑
l
ξljl)× (53)
× exp(−
∑
l
(jl − al)2 tl
2
+
∑
l
a2l
t
2
).
Now we consider the sum over spins. The Gaussian in
the second line of (53) is peaked on a large value of
the spins, jl ≈ al ≫ 1. As a result, if we want to
estimate the sum over spins, it is enough to know the
large spin behavior of the quantity W (jl, ~nl, ~n
′
l). This
quantity has been studied in detail by Barrett-Dowdall-
Fairbairn-Hellmann-Pereira [18]. We briefly recall their
results. They compute the large spin asyptotics of the
4d Lorentzian vertex in the spins-normals representation
(45). The result found is the following:
(i) when the spins and the normals identify the ge-
ometry of the boundary of a 4-simplex in 4d Minkowski
space, the asymptotics gets two contributions:
W (jl, ~nl, ~n
′
l)
jl≫1≈
∑
p=±1
A(p) exp(p i
∑
l
γjl Θl). (54)
Each contribution features a rapidly oscillating phase
term given by the Regge action for discrete gravity [46],
SR(jl, ~nl, ~n
′
l) =
∑
l
γjl Θl(jl, ~nl, ~n
′
l). (55)
This is the action for a single 4-simplex with faces of area
Al = 8πG~ γjl, extrinsic angle Θl, and a given choice of
parity.
(ii) On the other hand, if the boundary data (jl, ~nl, ~n
′
l)
do not identify the edge lengths of a 4-simplex but give
8only a twisted geometry, then the vertex amplitude is
exponentially suppressed.
The two semiclassical contributions p = ±1 in (54) cor-
respond to parity-reversed classical solutions. We argue
here that the appearence of a sum over classical solutions
in the asymptotics of W (jl, ~nl, ~n
′
l) is exactly analogous
to what happens in the simpler case discussed at the be-
ginning of this section (47): it is due to the fact that
the ‘spin and normals’ representation does not identify
a point in phase space. Let us see now what happens
in the holomorphic representation (53) when we use the
result (54).
Our boundary data now are not just areas and nor-
mals (al, ~nl, ~n
′
l), there are also the angles ξl that are con-
jugate to the areas. Let us assume that the areas and
the normals are compatible with the edge-lengths of a
4-simplex9. Plugging (54) into (53) we have
W (Hl)
al≫1≈
∑
p=±1
∑
jl
A(p) exp
(
p iSR(jl)− i
∑
l
ξljl
)×
× exp(−
∑
l
(jl − al)2 tl
2
+
∑
l
a2l
t
2
). (56)
In the sum over spins there is now a rapidly oscillating
phase term
exp i(p γΘ(0)l − ξl)jl. (57)
Analogously to expression (48), the quantity Θ(0)l is
the momentum computed out of Regge action for given
boundary data:
Θ(0)l =
∂SR
∂(γjl)
(al) = Θl(al). (58)
Therefore the sum over spins is suppressed unless the
variable ξl in the boundary data is chosen to coincide
with +γΘ(0)l or −γΘ(0)l . In either case, only one of the
two classical solutions contributes to the semiclassical be-
havior of the vertex.
VI. CONCLUSIONS AND PERSPECTIVES
In this paper we have introduced a holomorphic rep-
resentation for spinfoams. The 4d spinfoam vertex for
gravity has a rather elegant expression in this represen-
tation: it is given by formula (30,31) in the Euclidean
case and by (43,44) in the Lorentzian case. This new
representation is obtained introducing first a holonomy
representation and then computing its Segal-Bargmann
transform. A spinfoam amplitude in the holomorphic
representation is a function W (Hl) of SL(2,C) elements
9 If it is not the case the amplitude is suppressed because
W (jl, ~nl, ~n
′
l) is.
Hl, one per link of the boundary graph Γ. The set of
variables Hl describe a truncation of the phase space of
General Relativity as captured by the graph Γ. They ad-
mit a parametrization in terms of the variables generally
used for describing the classical boundary geometry of a
spinfoam configuration: (i) 3-normals to faces of a cellu-
lar decomposition of space, (ii) the area of faces, (iii) an
angle associated to faces that measures the extrinsic cur-
vature at the interface of two cells. These data describe
the intrinsic and extrinsic geometry of the boundary and
can be coded into SL(2,C) elementsHl via equation (21).
Therefore, we have a description of spinfoams in terms
of variables with a clear geometrical meaning.
The holomorphic representation of spinfoams can be
fruitfully used for analyzing their semiclassical behavior.
In section V, we focused on a spinfoam vertex in the
holomorphic representation and showed that a single ex-
ponential of the Regge action contributes to the large
scale asymptotics. What selects one of the two exponen-
tials appearing in the “spin and normals” representation
is the peakedness of the boundary state on a prescribed
extrinsic curvature. It is important to understand if this
feature extends beyond the single vertex level. A way to
attack the problem is to derive an action in holomorphic
variables following the method introduced in [35] and
then checking if a mechanism of cancellation of phases
as proposed in [55] is at work.
Finally, we suggest a way to use the holomorphic repre-
sentation to make a bridge with the Hamiltonian frame-
work. Roughly, let us consider a holomorphic transition
amplitude (propagation kernel) W (Hi, Hf ) between an
initial state labeled by complex variables Hi and a final
state labeled by Hf . Suppose there is a differential op-
erator Cˆ acting on either the initial or the final variables
which annihilates the amplitude:
Cˆ W (Hi, Hf ) = 0. (59)
The previous equation can then be interpreted as the
Wheeler-DeWitt equation for pure gravity satisfied by
the propagation kernel in the holomorphic representa-
tion. A recent result [56] in the context of spinfoam cos-
mology shows that the holomorphic amplitude for a tran-
sition between two homogeneous metrics is, in a suitable
approximation, in the kernel of a differential operator
which is (the quantization of) the Friedmann-Robertson-
Walker Hamiltonian in the absence of matter. We find
this result encouraging and it urges us to further explore
this line of research.
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